Frequency-Doublings with Symmetry-Broken Surface-State Electrons 
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Frequency-doubling is one of important ways to obtain high-frequency electromagnetic radiations, and is 
usually realized by using various nonlinear optical effects in crystals. Here, we propose an alternative approach 
to implement such a process with the surface-state electrons on the liquid Helium. Due to the symmetry-broken 
eigenstates of electrons, we show that the like-Rabi oscillations between two levels of the surface-state electrons 
could be realized beyond the usual resonant drivings. Consequently, an electromagnetic field with the doubled 
frequency of the applied driving is remarkably radiated. Importantly, such an frequency-doubling effect could 
be utilized to generate high-frequency microwave radiations, up to Terahertz (THz) ones. 

PACS numbers: 42.50.-p, 73.20.-r, 78.70.Gq 



Introduction. — An electron (with mass m e and charge e) 
near the surface of liquid Helium is weakly attracted by its di- 
electric image potential V(z) = —Ae 2 /z. Where z is the dis- 
tance above liquid Helium surface, and A = (e — 1)/ 4[e +1) 
with e being dielectric constant of the liquid Helium ]T|] . Due 
to the Pauli exclusion principle, there is an barrier about 1 eV 
for preventing the electron penetrating into the liquid He- 
lium. Together with such a hard wall at z = 0, the electron 
is resulted in a one-dimensional (ID) hydrogenlike spectrum 
E n = —R/n 2 of motion normal to the Helium surface, with 
Rydberg energy R = A 2 e 4 m e /(2fr 2 ) w 0.17 THz and ef- 
fective Bohr radius rs = fr 2 /(m e e 2 A) w 76 A. These Ry- 
dberg levels were first observed by Grimes et al. J2. [H by 
measuring the resonant frequencies of the transitions between 
the ground and excited states, and recently be proposed to im- 
plement quantum information processings 0,|5|]. 

In the past decades, many interests were paid on the 
linewidths of the above Rydberg states, see, e.g., Since 
the liquid Helium is very cold (e.g., T mK), the vapor of 
Helium atoms above the surface is negligible and thus the 
noises are mainly originated from the thermally-excited sur- 
face waves (i.e., the so-called ripplons Jil 4l0lo . However, the 
amplitudes (w 0.2 A) of the ripplons are still significantly 
smaller than the effective Bohr radius (due to the very-weak 
image potential), and thus the Rydberg states of the elec- 
trons have the relatively-long lifetimes (and thus significantly 
small linewidths |@]). Recently, strong interests have been 
paid to the quantum manipulations of the surface-state elec- 
trons on the liquid Helium. This is due to a remarkable pro- 
posal suggested by Platzman and Dykman 0], who suggested 
that the surface-state electrons could be utilized to implement 
the quantum information processings. Up to now, several ap- 
proaches have been proposed to perform the coherent opera- 
tions of surface-state electrons in the single-electron regime, 
see, e.g., CM!. 

Here, we show that the surface-state electrons on the liq- 
uid Helium could be utilized to realize the frequency-doubling 
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at high-frequency microwave regime. Usually, the optical 
frequency-doubling, called also second harmonic generation, 
is obtained by using various nonlinear interactions between 
the lights and natural-atoms. For example, a pump light prop- 
agating through a crystal with second-order susceptibility 
could generate a nonlinear polarization response, which ra- 
diates an electromagnetic field with the doubled frequency 
of the pump li ght. This phenomenon was first observed by 
Franken et al lllal . and has been applied to numerous ar- 
eas in both science and engineering IU7I1 . Different from the 
usual schemes to implement the frequency-doubling, we re- 
alize this process by using the unusual Stark effects related 
to the parity symmetry-breakings of the electronic surface- 
states. Our idea is based on the fact: the surface-state elec- 
trons allows an unusual dipole moment which is related to the 
nonzero average distances between the Rydberg states, i.e., 
Z = (m\z\m) ~ (n\z\n) ^ HUGH. Basically, under 
the resonant drivings the usual transition (n\z\m) is dominant 
and the effects related to Z are negligible. Alternatively, under 
the certain large-detuning drivings, the effects related to the Z 
become important, and consequently the desirable frequency- 
doublings could be realized in a new way. 

Like-Rabi oscillations beyond the resonant drivings. — We 
consider applying a weak microwave field § = £ cos(kr + 
ujit + <f>) to a single surface-state electron, where £, k, ui, and 
<j> are its amplitude (in z direction), wave vector, frequency, 
and initial phase, respectively. For simplicity, we consider 
only two levels (e.g., the ground state |1) and the first ex- 
cited state 1 2)) of the surface-state electron. Also, the elec- 
tron is assumed to move within a small region whose size is 
much smaller than the wavelength of the applied microwave. 
Therefore, under the usual dipole approximation (kr 0) the 
Hamiltonian describing the driven two-level electron reads 

H = £i|l)<l| +£ 2 |2>(2| - ez£cos(uj,t + (/)). (1) 

By using the completeness relation |1) (1| + |2) (2| = 1, one 
can write z as 

z = zn|l)(l| + z 22 \2)(2\ + z 12 \l)(2\ + z 2 i|2)(l|, (2) 

with the electric-dipole matrix elements zy 2 = (1|^|2) = 
(2|z|l) = Z2i- Due to the asymmetry eigenstates |1) and 
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\2), here z n = (l\z\l) and z 22 = (2\z\2) ^ 0. This is 
very different from the case for the natural atoms wherein 
zn = Z22 = 0. By using Eq. (2) we can rewrite Hamilto- 
nian (1) as 
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H = cr z - - 
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and further 
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be seen from the following new evolution operator 



U(t)=fexp J*Hi(t)dt 



= 1 
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with the so-called second-order effective Hamiltonian ¥2) 



H h (t) = hva z /2-hn L (e 
can be further simplified as 
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in the interaction picture defined by R = ex-p(—itui e a z /2). 
Above, a z = |2)(2| — |1)(1| is the usual Pauli operator with 
the transition frequency u e = (E 2 — Ei)/h, &ij = |i)(j'|isthe 
projection operator (i j = 1, 2), A = u> e — u>i is the detuning 
between the microwave and electron, Or = zi 2 e£/(2h) is the 
usual Rabi frequency, and finally O = (z 22 — zn)e£/(AH) 7^ 
due to the symmetry -breaking in the states |1) and |2). Typi- 
cally, (Or, 0)/(w;,w e ) <C 1 within the weak drivings regime. 

Under the weak drivings near the resonant point, i.e., A <C 
(uii, w e ), the evolution ruled by the Hamiltonian (4) can be 
approximately expressed as 
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U(t) = Texp J^Hi(t)dt 
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with the Dyson-series operator T and the effective Hamilto- 



nian H R (t) = —hfl R (e 
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rotating-framework defined by the unitary operator R R = 
exp(ziA<7 z /2), this effective Hamiltonian reads 
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Certainly, when A = 0, the Hamiltonian (6) describes the 
standard Rabi oscillation with the frequency Or. In Eq. (5), 
the terms related to £ = (Or, 0)/(wi,a; e ) are neglected, 
since £ <C 1 under the weak drivings. In fact, this ap- 
proximation is nothing but the usual rotating-wave approxi- 
mation (RWA) fl9ll . Indeed, under the resonant excitation, 
i.e., A <C (uii, oj e ), the contribution from Mlcr z (due to 
the symmetry-breaking of the present surface-state electrons) 
should be negligible, due to its small probability proportional 

toe 

More interestingly, under the large-detuning driving, e.g., 
A = uii — S (with a small adjustment S ~ 0), the effects 
related to the Stark term ft£lcr z become significant. This can 



in the rotating framework defined by = exp(—it5a z /2). 
Above, the value of S = 2w; — ui e is controllable by the se- 
lected frequency of the applied microwave, A' = v — 6 
with v = 40|[l/(o; e - 5) + l/(3w e + 5)]. While, due to the 
weak driving (Or, O) (uji, ui e ), the present Rabi frequency 
Ol = 40ROw e /(Wg — <5 2 ) is smaller than the previous one 
Or for the resonant excitation. Also, all the effects related to 
the small quantity £ = (Or, O) / (u>i, u e ) were neglected, but 
the terms containing OrO/(o;;, uj c ) were retained. Note that, 
under the above large-detuning driving, the first-order expan- 
sion term U^> (t) = (—i/h) J* H\(ti)dti practically does not 
contribute to the time evolution, due to its small probability: 

pw(t)~e 

Remarkably, the above large-detuning driving can also in- 
duce the oscillating occupancies of the surface-state energies, 
i.e., like-Rabi oscillation. In fact, due to 5 <C (w;, uj e ) we 
have the following approximated expansion 
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Obviously, if the "new detuning" A' = 0, i.e., S = 
48w e O R /(9c^ - 320|) and uji = uj e /2 + 24w e O R /(9^ - 
320 R ), the Hamiltonian (8) defines to a like-Rabi oscillation 
with the frequency Ol- 

The above analytical analysis can be confirmed by the nu- 
merical methods. We consider the typical parameters ylHl]: 
the transition frequency w e ps 220 GHz, matrix elements 
Z12 ~ 0.5 tb, z 22 — z\\ w 2.3 Tb, and the strength £ = 
15 V/cm of the applied microwave. Consequently, we have 
Or w 4.3 GHz, O w 10 GHz, £ = (0 R , 0)/(w ; , u a ) < 
1/10, and thus L w 0.8 GHz for A' = 0. Fig. 1(a) shows 
the oscillations of the occupancies P22 in the excited state 
|2) versus time. This figure includes the analytical results 
from effective Hamiltonian (8) (with the RWA, A' = 0, and 
Ol ~ 0.8) and the numerical ones from the original Hamil- 
tonian (3) without any approximation. One can see that the 
performed RWA, i.e., neglecting the terms related to £, works 
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FIG. 1: Oscillating occupancy P22 in the excited state 2): (a)without 
dissipation, (b) with the induced dissipations T = 7 = g/W. Here, 
the blue and red lines correspond to the analytical solution from the 
effective Hamiltonian (8) and the numerical one from the original 
Hamiltonian (3), respectively. 



very well. In principle, if the strength £ of the applied mi- 
crowave is selected significantly small, then £ is sufficiently 
small, and thus our effective Hamiltonian (8) is more exact. 
Worth of note, for the natural atoms (where ft = 0), the above 
like-Rabi oscillation vanishes, which means that the natural 
atoms can not be effectively driven by the large-detuning driv- 
ing. This can be easily verified numerically, e.g., P22 < 1.2%. 

Frequency-doubling radiations. — We now consider the 
steady-state radiations due to the above oscillations of occu- 
pancies by taking into account the practically-existing dissi- 
pations. For this case the dynamics of the driven surface-state 
electrons is described by the master equation IT9ll 
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FIG. 2: Within the weak interaction regime = 0.1, 0.2, 0.3, 

and r = 7, relative intensity \p2i | 2 of the frequency-doubling radia- 
tion versus the detuning parameter A'//C. 
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Certainly, due to the resistance from the surroundings, the am- 
plitudes of oscillating pa decrease with the time evolving (see, 
e.g., Fig. 1(b)), and pa — > when t ~ > 00. Specially, under 
the steady-state condition: = 0, we have 
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with JC = (r + 7 )/2. 

Immediately, we can compute the polarization V = (ez) = 

Tr(epz) = & Y^ij=\ Pij z ji f° r single surface-state electrons. 
Note that the Eqs. (11) and (12) are obtained in the rotating- 
framework with frequency ui e + S = 2cj;. Transforming back 
to the Schrodinger picture, the polarization of the electrons 
reads 



dp — i 

dt ~ h 



H L ,p 



+ T (2o-i2/5o-2i - a2.\0\2p - po'210'12) 
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with r and 7 being the decay and dephasing rates, respec- 
tively. Above, p = j=i Pij\i){j\ is me density operator of 
the two-level quantum system, and the matrix elements {ptj} 
obey the normalized and hermitian conditions: ^Zi=i Pa = 1 
and pij = respectively. In the two-level atomic represen- 
tation, the above master equation takes the following matrix 



P = e (p2iz 12 e- i2uj ' t + p 12 Z2ie i2uJlt + puz u + P22Z22) • 

(13) 

This indicates that the surface-state electron has the steady 
2o>; -response for the applied incident field § = £cos(u>it). 
Such a 2w/ -response acts further as an effective source of new 
radiation £" 2 with doubling-frequency 2w/. 

By discarding the static polarizations p\\z\\ and P22Z22 
(which practically do not contribute to the generations of the 
radiations), we can write the polarization ( 1 3) in a simple form 



V = Acos(2u} l t- 



(14) 



with the amplitude A = ez 12y /p2iPi2 an d phase 8 = 
arctan(Imp2i/Rep2i) + 20. It has been well known that 
the radiation field of an electric dipole is determined by its 
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FIG. 3: A sketch of the experimental setup to obtain the frequency- 
doubling radiations. 



polarization, i.e., £2 oc \V\. Thus, the intensity I2 of the 
generated frequency-doubling wave here is proportional to 
\P2i\ 2 - Within the usual weak-interaction regime lfl9ll . i.e., 

£l L /JCT < 1, we have 



\P2l\ 



(a//c) 2 



1 + (A'//C) 2 + 8(fig/KT) 



(15) 



Obviously, the maximum radiating intensity appears at A' = 
(see, Fig. 2), and it could be increased significantly by in- 
creasing the Rabi frequency S\, via enhancing the strengths 
of the driven field £ '. 

Discussions and Conclusions. — The frequency-doubling 
radiations proposed above could be directly realized by using 
the experimentally-existing setups, e.g., shown in Fig. 3 JH-0]. 
Where, a number of electrons are confined on the liquid He- 
lium surface by the designed static-electric fields fill [12|],and 
driven by a spatial-uniform RF field £ (with the fundamental 
frequency u;;). The total polarization of the surface-state elec- 
trons could be simply described as P = MV, with M being 
the number of the electrons. Due to such a strong polarization 
P, the frequency-doubled radiations £2 (with frequency 2w;) 
could be significantly generated. Liking a number of previ- 
ous experiments JUSS]* here the densities of electrons gas 
are set sufficiently low, such that the Coulomb interaction be- 
tween the electrons does not affect significantly the expected 



results. Furthermore, for achieving a considerable yield and 
a high directionality of the output lights, a resonant cavity is 
introduced in the setup liking that in the usual lasers. Ex- 
perimentally, the transition frequency u e between the ground 
and excited states of the surface-state electrons could be lin- 
early Stark-tuned |01, typically about 0.8 GHz (V/cm) -1 , by 
applying the vertical electric fields. Such a linear Stark op- 
eration provides a large regime to set the work frequencies 
of electrons, e.g., 0.1 ~ 1 THz or more. This means that 
the frequency of the produced laser of the surface-state elec- 
trons is adjustable, rather than that in the usual laser where 
the frequency of the produced laser is fixed (once the working 
materials are definitely selected). 

In conclusion, we have proposed a new candidate: surface- 
state electrons on the liquid Helium, to realize the frequency- 
doubling radiations at high-frequency microwave regime. We 
have shown that, due to the broken parity-symmetries of the 
electronic surface-states, the like-Rabi oscillations could be 
effectively excited under the large-detuning drivings, and con- 
sequently the frequency-doubling radiations are generated. 
Remarkably, the proposed generation of frequency-doubling 
process could be immediately realized by the experimentally- 
existing setups. Interestingly, the present system could be 
utilized to realize the unusual frequency-doubling in THz 
regime, as the energy-splittings between the Rydberg states 
(e.g., the ground and first excited states) of the surface-state 
electrons are really at the order of THz. 
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